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Abstrat
A dynamial study of the generalised salar-tensor theory in the empty
Bianhi type I model is made. We use a method from whih we derive
the sign of the rst and seond derivatives of the metri funtions and exam-
ine three dierent theories that an all tend towards relativisti behaviours
at late time. We determine onditions so that the dynami be in expansion
and deelerated at late time.
Keys Words: Bianhi I; salar-tensor theory; dynamial study.
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1 Introdution.
The salar-tensor theories of gravitation allow to the gravitational onstant
to vary. Suh a phenomenon happens in a large number of theories whih try
to unify gravitation with the other interation fores. In the vauum ase,
the most general form of the ation of the salar-tensor theories is written
[1℄ :
S =
∫ [
F (φ)R − 1/2(∇ϕ)2 − U(ϕ)
]√−gd4x (1)
where ϕ is a salar eld, U(ϕ) a potential. We get General Relativity with
F (ϕ) = cte and Brans-Dike theory with U = 0, F (ϕ) = ϕ2/8ω and ω = cte.
When F (ϕ) is anatially invertible [13℄ this ation an always be written with
a Brans-Dike salar eld. Putting φ = F (ϕ) and ω(ϕ) = F/
[
2(dF/dϕ)2
]
),
we get :
S =
∫ [
φR− ω(φ)
φ
(∇φ)2 − U(φ)
]√−gd4x (2)
We will take U(φ) = 0 so that we an obtain a Newtonian limit for the
weak elds [2℄. Tehniques to nd exat or asymptoti solutions to the eld
equations derived from ation (2), with or without matter, in an anisotropi
Universe, by means of a onformal transformation, have been desribed in
[2℄. Exat solutions and asymptoti behaviours of the sale fator have been
analysed for the generalised salar-tensor theory in FLRW model with mat-
ter in [9℄. Dynamial studies have been made for Brans-Dike theory in a
FLRW model in [3℄[4℄[6℄. Here, we will work in an empty Bianhi type I Uni-
verse. We will introdue new variables, write the eld equations with their
rst derivatives and then perform an analysis to get analytially the sign of
the rst and seond derivatives of the metri funtions, without asymptoti
methods, whatever ω(φ). Hene we will get the qualitative form of these
funtions in the Brans-Dike frame for any time: are they inreasing or de-
reasing, do extrema exist and if so, how many, is there ination, do they
tend towards a power law type, et.
In setion 2, we write the eld equations of the vauum Bianhi type
I model with the new variables. In setion 3, we study partiular values
of these variables and in setion 4 we desribe the method whih gives the
sign of the rst derivatives of the metri funtions, depending on the form
of ω(φ). In setion 5, we apply our method to three dierent forms of the
oupling funtion whih are all suh that ω →∞ and ωφω−3 → 0 if we adjust
some of their parameters. These two limits ensures that the PPN parameters
onverge towards values in agreement with the observational data [12℄. Thus
the dierent theories, orresponding to dierent hoies of the oupling ω(φ),
onverge towards relativisti behaviours. In setion 6, we examine the three
metri funtions and under what onditions they are inreasing or dereasing
together, et. In the setion (7), we desribe the method giving the sign of the
seond derivatives of the metri funtions and examine in whih onditions
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they an be deelerated at late time. We apply our results to the oupling
funtions of setion 5.
2 The eld equations
The metri is:
ds2 = −dt2 + a2(ω1)2 + b2(ω2)2 + c2(ω3)2 (3)
where the ωi are the 1-forms of the Bianhi type I model, t the proper time
and a(t), b(t), c(t) the metri funtions depending on t. We dene the τ
time as:
dτ = abcdt (4)
and then, the eld equations and the Klein-Gordon equation are written:
a,,
a
− a
,2
a2
+
a,
a
φ,
φ
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2
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3 + 2ω
φ,
φ
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(
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φ
)2 = 0 (6)
φ,, = − ω
,φ,
3 + 2ω
(7)
We integrate (7) and get :
Aφ,
√
3 + 2ω = 1 (8)
A being an integration onstant. We see in this last expression that the
oupling funtion must be superior to -3/2 so that the square root is real.
We use (7) to introdue the seond derivative of the salar eld in (5) and
put:
α =
a,
a
φ, β =
b,
b
φ, γ =
c,
c
φ, φ, = Φ (9)
After integrating, the eld equations beome:
α+
1
2
Φ = α0
β +
1
2
Φ = β0
γ +
1
2
Φ = γ0
αβ + αγ + βγ +Φ(α+ β + γ)− 1
4
(A−2 − 3Φ2) = 0 (10)
3
α0, β0, γ0 being integration onstants. The onstraint imposes the ondition
:
α0β0 + α0γ0 + β0γ0 = (4A
2)−1 (11)
The physial solutions are suh that the metri funtions and the salar eld
are positive. Hene, the sign of the variables α, β, γ will be the same as
the sign of the rst derivative of the metri funtions. The sign of Φ will
be the same as φ,. Negative salar elds have already been onsidered in [5℄
but it means that, in the Einstein frame, the gravitational onstant will be
negative. For this reason, many authors deal with positive salar elds. We
will do the same, but the method an easily be extended to negative ones. In
what it follows, we will onsider only the metri funtion a. What we write
for a will be valid for b and c. Let us say a few words about exat solutions
[2℄ of the eld equations. From (10), we an easily show that:
a = exp(
∫
α0
φ
dτ + cte)φ−1/2 (12)
The salar eld an be alulated by integrating and inverting (13):
dτ = A
∫ √
3 + 2ωdφ (13)
Therefore, we an obtain exat solutions of the metri funtions for the
simple form of the oupling funtion.
What is the link between the results we will obtain in the τ time and the
behaviours of the metri funtions in the t time. Sine a(τ) = a(τ(t)) = a(t),
the amplitudes of the metri funtions will be the same in both τ and t times.
Moreover as:
da/dt = da/dτdτ/dt = da/dτ(abc)−1 (14)
with abc > 0, the sign of the rst derivatives of the metri funtions will not
be dierent in τ or t time. Of ourse the amplitudes of all the derivatives will
be dierent. While it will always be possible to determine asymptotially
the amplitudes of a,, this will not be the same for a˙.
Therefore, as we are mainly interested by the sign of a,, a,, and a¨, this is not
important. The sign of the seond derivatives will be dierent in both times
sine
d2a/dt2 = a¨ = [a,, − a,(a,/a+ b,/b+ c,/c)] (abc)−2 (15)
an overdot denoting dierentiation with respet to t.
For these reasons, all that we will say about the sign of the rst derivatives
will apply to both t and τ time. Hene, results of setion 3, 4, 5, 6 and in
partiular table 1 (exept the sign of the seond derivative of the salar eld
whih will be dierent by φ,, in the t time) will not hange in t time sine
they depends on the sign of onstants or rst derivative of ω with respet to
φ. In setion 7, where we will deal with the sign of the seond derivatives,
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we will study separately the sign of a,, and a¨.
Another dierene between τ and t time is that, for instane, t an diverge
for a nite value of τ . It an, for instane, transform a Universe that exists
during a nite τ time into a Universe whih would exist in an innite t time.
But we will not pay attention to this type of phenomenon in our study. In
fat, in most ases, we will use φ as a time oordinate, partiularly in setion
5 and 7, and so we will have no need to know the intervals of τ or t.
3 Study of the rst derivative of a metri funtion.
We onsider the rst equation of (10). The solution of this equation in the
(α,Φ) plane is represented by a straight line. We have two ases depending on
the sign of α0, whih are represented on graph 1. To desribe the variations
of the metri funtion a, we have to study the dynami of a point (α,Φ) on
this straight line so that we know the sign of α and hene, this of a, during
the time evolution. The straight line uts the Φ axe at (α,Φ) = (0, 2α0) and
the α axe at (α,Φ) = (α0, 0). In (0, 2α0), we have α = 0. This means that :
- the metri funtion a reahes an extrema if the motion of the point
(α,Φ) on the straight line is suh that the sign of α hange. It is an inexion
point for the metri funtion, if the motion of the point (α,Φ) on the straight
line hanges diretion when it reahes (0, 2α0).
- If the motion of the (α,Φ) point on the straight line is suh that it
tend asymptotially towards (0, 2α0) then a possible explanation is that the
salar eld vanishes or that a ∝ τ .
In (α0, 0), the rst derivative of the salar eld disappears. We will show
below that the salar eld is a monotone funtion of τ . Hene , φ, = 0 an be
an inexion point for φ in the τ time if the motion of the point (α,Φ) hanges
diretion after reahing (α0, 0). Otherwise it means that the salar eld tends
towards a onstant. In this last ase, we have φ → φ∗ = cte and (8) shows
that ω → ∞. If we put φ = φ∗ in the eld equations (10), the metri
funtions are written a = eα0φ
∗−1(τ−τ0)
, b = eβ0φ
∗−1(τ−τ0)
, c = eγ0φ
∗−1(τ−τ0)
,
and beome in the proper time a = a0t
p1
, b = b0t
p2
, c = c0t
p3
with
∑
pi = 1
and
∑
p2i = 1− 2−1A−2(α0 + β0 + γ0)−2. Hene, when (α,Φ)→ (α0, 0), the
metri funtions tend towards a Kasnerian behaviour.
We an make the following general observations valid in the τ time: when
Φ 6∈ [2α0, 0], the more inreasing (dereasing) the salar eld is, the more
dereasing (inreasing) the metri funtion will be. When Φ ∈ [2α0, 0], the
salar eld and the metri funtion inrease (derease) if α0 > 0 (α0 < 0).
The last remark will onern the representation, in the (α,Φ) plane,
of the solutions of the rst equation in (7). If we take as a onvention that√
3 + 2ω > 0, equation (8) shows that the sign of φ, = Φ depends on the sign
of the integration onstant A. Hene the solution represented in gure 1 by
the straight line is physially omposed of two separate solutions represented
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by two half-line, one orresponding to A > 0 and then Φ > 0 and the other
to A < 0 and then Φ < 0. So, to the rst equation of (10) orrespond four
types of behaviours for the metri funtion and the salar eld, depending
on the sign of α0 and A. We will see below that eah of them an be split
again in two ases depending on the sign of Φ, = φ,,. These four solutions
are illustrated in gure 2. In this gure, {1}, {2}, {3}, {4} orrespond to the
four half-lines whih represent the four physially dierent solutions of the
rst equation of (10). (τ1) and (τ2) represent the nite or innite values of
the time τ for whih (α,Φ) is equal to (0, 2α0) and (α0, 0). In what it follows,
we will onsider the motion of a point (α,Φ) on eah of the four half-lines.
It depends on the form of the oupling funtion ω(φ). To determine it, we
need an equation to know how and under whih onditions Φ varies.
4 Study of the metri funtions and salar eld
variations depending on the form of ω(φ)
We have dτ = abcdt with abc > 0. Hene τ is an inreasing funtion of t
and the variations of the metri funtions in the τ time will be the same in
the t time. From (7), we dedue the equation whih gives the variation of Φ
depending on ω(φ) :
Φ, = −ωφ(φ
,)2
3 + 2ω
(16)
with ωφ = ω
,/φ, = dω/dφ. 3 + 2ω is positive sine ω > −3/2. Then,
the sign of Φ, depends on the sign of ωφ whih is independent of the time
we onsider, namely τ or t (of ourse Φ, = φ,, and the sign of φ¨ will be
dierent in the t time. But this is not important here sine our nal aim is
to determine the sign of the rst derivatives of the metri funtions whih
does not hange in t time). So the results we will nd and whih depend on
the sign of the variations of Φ will be valid in both t and τ times. Hene, if
ωφ has a onstant sign, the motion of the point (α,Φ) on eah half-line will
be monotone otherwise its diretion will hange depending on the sign of
ωφ. We now study the ase where ω(φ) is a monotone funtion and get eight
dierent behaviours for the salar eld and the metri funtion orresponding
to the split of eah of the 4 previous ases in two ases. First, we onsider
that the oupling funtion is an inreasing funtion of the salar eld. Then,
ωφ > 0 and from (16) we dedue that Φ
, = φ,, < 0. Consequently, the
motion of the point (α,Φ) on the half-lines will be suh that Φ derease.
Then, if we are on the half-line {1}, the point (α,Φ) moves from the left to
the right. In the same time, τ inreases and then we dedue that τ1 < τ2.
On {1} we have Φ = φ, > 0 : the salar eld is an inreasing funtion of τ .
When Φ → +∞, α < 0. α remains negative until (α,Φ) = (0, 2α0), whih
means τ = τ1, and when Φ ∈ [0, 2α0], α beomes positive. So, we dedue
that the metri funtion is rst dereasing until τ = τ1 and then inreases
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when τ > τ1 until τ = τ2, the value of τ for whih the salar eld beomes a
onstant: the metri funtion an have a minimum (but it is not neessarily
true as we will see below). The same type of reasoning an be applied when
we onsider the half-lines {2}, {3} and {4}.
If now we onsider that the oupling funtion is a dereasing funtion of
the salar eld, we have ωφ < 0 and Φ
, = φ,, > 0. The point (α,Φ) moves
from the right to the left on eah of the four half-lines and we have τ2 < τ1.
The same reasoning as in the ase ωφ > 0 will hold. Hene we get four more
ases. Table 1 summarises these eight ases : we give the sign of the triplet
(ωφ, A, α0), independent of the time we onsider (t or τ), the salar eld and
metri funtion variations, the diretion of the motion of the point on eah
half-line and we alloate a number for eah behaviour.
Another ondition has to be fullled in the ases {1}, {1'}, {4}, {4'},
to have neessarily an extremum: we have to hek if the value Φ = 2α0
belongs to the interval in whih Φ varies. For this purpose, we rewrite the
equation (8) :
AΦ
√
3 + 2ω = 1 (17)
We determine the interval in whih the salar eld φ varies by imposing
the onditions
√
3 + 2ω > 0 and φ > 0. Then from (17) we dedue the
interval for Φ. The ondition for an extremum to exist for the behaviours
of type {1}, {1'}, {4} and {4'} will be that this last interval ontains the
value 2α0. One an also hek if the value of the salar eld orresponding
to 3 + 2ω = (2α0A)
−2
beholds to the interval in whih φ varies.
Now, we onsider the ase where the oupling funtion ω(φ) is not a
monotone funtion of the salar eld. It means that the sign of ωφ will
hange during the evolution of the dynami. In the interval of time where
ωφ will be positive, we will have behaviours of type {1}, {2}, {3} or {4}
and when it beomes negative the metri funtion and the salar eld will
behave respetively as {1'}, {2'}, {3'} or {4'}. Hene, the behaviours of
the metri funtion when the oupling funtion is not monotone will be a
suession of behaviours of type {i}+{i'}+{i}+{i'}..., the repetitions of the
sheme {i}+{i'} depending on the number of zero of ωφ.
Note that to ahieve our goal, that is determine the variation (sign of
the rst derivative) of the metri funtion, we used quantities suh that the
seond derivative of the salar eld or the amplitude of its rst derivative are
not invariant when we hange time oordinate from τ to t. But these two
quantities an always be written as funtion of ωφ or ω whih are independent
of time oordinate. Therefore our method is in agreement with the fat that
the sign of the rst derivative of the metri funtion is the same in τ or t
time.
In the next setion we will onsider several forms of the oupling funtion
with a dereasing salar eld, i.e. A < 0.
7
5 Appliations.
We are going to examine the variations of the metri funtions with three
dierent forms of the oupling funtion. The ouplings we will onsider are
interesting for the following reasons. The rst oupling is 3 + 2ω = φ2cφ
2m
.
When m > 0 and φ → ∞ or m < 0 and φ → 0, ω → φ2m → ∞. When
m < −1/4 and φ → 0 or when m > −1/4 and φ→∞, ωφω−3 → 0. Hene,
asymptotially, the theory tends towards relativisti behaviours at late time
(φ → 0) when m < −1/4. When the salar eld beomes innite, ω(φ)
tends towards a power law that orresponds to a power or exponential law
for F (ϕ) (see (1)). Power Law for ω(φ) have been studied in [11℄. This
lass of theories is also in agreement with the onstraints imposed by the
slow logarithmi derease of the gravitational onstant (dG/dt)G−1. The
two other laws, 2ω+3 = m | ln(φ/φ0) |−n and 2ω+3 = m | 1− (φ/φ0)n |−1
have been studied in [9℄ in a FLRW Universe. For the rst one, we reover
the values of the PPN parameters in General Relativity when φ → φ0 if
n > 1/2, whereas for the seond one there is no restrition on the value of
the exponent n.
5.1 The theory 3 + 2ω = φ2cφ
2m
We have :
ωφ = φ
2
cmφ
2m−1
(18)
The expression 3 + 2ω is positive for all positive values of the salar eld.
Hene φ varies in [0,+∞[. From (17) we dedue that Φ varies in ]−∞, 0].
If m is positive, ωφ > 0 and the metri funtion behaves as {2} and {4}
whereas if m is negative, ωφ < 0, and it behaves as {2'} and {4'}. In the
Cases {2} and {2'}, the metri funtion inreases. In the ase {4} and {4'},
from (17) we dedue that the metri funtion has an extremum when the
salar eld is equal to (2α0Aφc)
1/m
. This last value is always positive and
then belongs to the interval in whih the salar eld varies. We onlude that
for the types {4} or {4'}, the metri funtion will always have respetively
a minimum or a maximum.
5.2 The theory 2ω + 3 = m | lnφ/φ0 |−n.
We restrit the parameters to n > 0, m > 0 so that 2ω + 3 is positive. We
will rst onsider the ase where φ > φ0 . Then, we an write:
2ω + 3 = m(lnφ/φ0)
−n
(19)
ωφ is always negative and Φ ∈ ]−∞, 0]. Hene, if α0 > 0, the metri funtion
is inreasing. If α0 < 0, the metri funtion will always have a maximum
sine Φ = 2α0 belongs to the interval where Φ varies.
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If we hose for φ the interval [0, φ0], the metri funtion has a minimum
if α0 < (2A
√
m)−1. Otherwise, it is inreasing.
5.3 The theory 2ω + 3 = m | 1− (φ/φ0)n |−1.
We restrit the parameters to n > 0, m > 0 and will take rst φ > φ0. Hene
we have:
2ω + 3 = m [(φ/φ0)
n − 1]−1 (20)
ωφ is always negative. If the integration onstant α0 is positive, the metri
funtion is inreasing, whereas if α0 is negative, sine Φ ∈ ]−∞, 0], the metri
funtion will always have a maximum. If we hoose φ ∈ [0, φ0], the metri
funtion is still inreasing when α0 > 0 but have a minimum if α0 < 0.
6 Behaviour of the three metri funtions.
The graph 3 represents the solutions of the system equations (10) on the
plane ((α, β, γ),Φ). We hoose without loss of generality α0 < β0 < γ0. We
distinguish four ases :
1. If Φ > 2γ0, all the metri funtions are dereasing.
2. If Φ ∈ [2γ0, 2β0], the metri funtion assoiated with the largest of
the integration onstants is inreasing whereas the two others are still
dereasing.
3. If Φ ∈ [2β0, 2α0], the metri funtion assoiated with the smallest of
the integration onstants is the only one to be dereasing.
4. If Φ < 2α0, the three metri funtions are inreasing.
If i onstants among α0, β0 and γ0 are positive, we dedue from gure 3
that when φ is inreasing, whatever the form of ω(φ), only the i+1 rst
ases an exist, when φ is dereasing, whatever the form of ω(φ), only the
i+1 last ases an exist. Hene, in the ase where α0, β0, γ0 are positive
onstant and A is a negative one, all the metri funtions will be inreasing
whatever the form of ω(φ). But, if α0, β0, γ0 are negative and A positive,
all the metri funtions will be dereasing. We dedue also that to get
three inreasing metri funtions whih tend towards a power law, that is
((α, β, γ),Φ) → ((α0, β0, γ0), 0), when τ(and thus t) inreases, a neessary
ondition will be that α0, β0, γ0 be positive , A and ωφ have the same sign.
7 Study of the seond-derivative of the metri fun-
tion
In the FLRW models, a positive sign of the rst and seond derivatives of
the sale fator with respet to the osmi time is the sign of ination: the
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expansion in the t time is aelerated. Ination in generalised salar-tensor
theory and in FLRW models has been studied in [7℄ and [8℄. It seems to
be noteworthy that it happens without a osmologial onstant or potential.
One an talk about ination only when the seond derivatives of the metri
funtions with respet to t are positives. First, we are going to desribe a
method giving the sign of the seond derivative of the metri funtion with
respet to τ from the knowledge of ω and ωφ. Hene, we will be able to
ompletely determine the qualitative form of the metri funtion in the τ
time. Seond, we apply it and nally we will study the sign of a¨ and obtain
onditions to have ination in Bianhi type I model.
7.1 Study of a,,
The rst spatial omponent of the eld equations is written :
a,,
a
=
a,2
a2
− a
,
a
φ,
φ
+
1
2
ω,
3 + 2ω
φ,
φ
(21)
φ2
a,,
a
= α2 − αφ, + 1
2
ωφ
3 + 2ω
φ,2φ (22)
But φ, = 1/(A
√
3 + 2ω), so we get :
φ2
a,,
a
= α2 − α
A
√
3 + 2ω
+
1
2
ωφ
(3 + 2ω)2
φ
A2
(23)
The sign of the left hand side of (23) is the same as a,,. The right hand side
of equation (23) is an equation of degree two in α. Hene, we have to know
the sign of this equation in order to obtain the sign of a,,, i.e. to determine
its roots. It is important to reall that α an be expressed as a funtion of
the salar eld. We get :
α = α0 − 1
2
φ, = α0 − 1
2
1
A
√
3 + 2ω
(24)
Now we alulate the determinant of the seond degree equation (23) :
∆ =
1
A2(3 + 2ω)
− 2 ωφ
(3 + 2ω)2
φ
A2
(25)
If ∆ is negative, the seond degree equation is positive for all value of α and
a,, is positive. Then the dynami of the metri funtion is aelerated (this
is not ination sine the sign of a,, and a¨ are not neessarily the same). If ∆
is positive, the seond degree equation has two real roots α1 and α2. From
(25), we dedue that ∆ < 0 if :
ωφ >
3 + 2ω
2φ
(26)
10
The ondition (26) will be true for the three metri funtions. It does not
depend on a spei parameter of one of these funtions. Hene, when (26) is
true, the dynami of the three metri funtions in the τ time is aelerated.
If now we onsider ∆ > 0, we nd two roots :
α1,2 = (
1
A
√
3 + 2ω
±
√
1
A2(3 + 2ω)
− 2ωφ
(3 + 2ω)2
φ
A2
)/2 (27)
With the form of the oupling funtion, one an dedue the onditions so
that a,, be positive or negative. By onditions we mean the values of the
salar eld and of the dierent parameters dening the form of the oupling
funtion, whih rule the sign of a,,. To get this sign, we have to know the
sign of:
α1,2(φ)− α(φ) = −α0 + (2A
√
3 + 2ω)−1
[
2±
√
1− 2ωφφ(3 + 2ω)−1
]
(28)
When α1−α and α2−α have the same sign, equation (23) is positive and thus
a,, is positive; otherwise, it means that α ∈ [α2, α1] and then a,, is negative.
At late time, if φRG is the value of the salar eld for whih ω → ∞ and
ωφω
−3 → 0 (whih ensures the theory is ompatible with the observation) we
dedue from (28) that a neessary and suient ondition for the dynami
of the metri funtion to be deelerated in the τ time, will be:
lim
φ→φRG
ωφ < −2α20A2(3 + 2ω)2φ−1 (29)
7.2 Appliations.
7.2.1 Theory 3 + 2ω = φ2cφ
2m
Remember that for this form of 3 + 2ω we have φ ∈ [0,+∞[. We ontinue
to hoose A < 0 in order to have a dereasing salar eld. We get :
α = α0 − 1
2
φ−m
Aφc
(30)
α1,2 =
φ−m(1±√1− 2m)
2Aφc
(31)
The ondition (26) is satised when m > 1/2 : in this ase we always have
a,,, b,, and c,, positive. When m < 1/2, we have to determine the sign of :
α1,2 − α = φ
−m(2±√1− 2m)
2Aφc
− α0 (32)
We will always have α1 < α2.
- If α0 = 0, we have α > α1 for all values of the salar eld. Ifm < −3/2,
from equation (32) we dedue that α2 < α < α1 and thus α
,, < 0. If
m ∈ [−3/2, 1/2], we get α > α1,2 and then a,, > 0. Now we onsider general
ase where α0 6= 0.
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• If m < 0,
 if α0 > 0, when φ → ∞, α > α1. If m ∈ [−3/2, 0], α > α1,2 and
if m < −3/2, α ∈ [α1, α2]. Then the salar eld dereases and
when φ→ 0, α > α1,2.
 If α0 < 0, when φ→∞, if m ∈ [−3/2, 0], α > α1,2, if m < −3/2,
α ∈ [α1, α2]. When the salar eld dereases and φ→ 0, α < α1,2.
Hene, we dedue that :
 If α0 > 0,
∗ if m ∈ [−3/2, 0], we have a,, > 0,
∗ if m < −3/2, we have rst a,, < 0 and then a,, > 0.
 If α0 < 0,
∗ if m ∈ [−3/2, 0], we have a,, > 0, then a,, < 0 and nally
a,, > 0,
∗ if m < −3/2, we have a,, < 0 and a,, > 0.
• If m ∈ [0, 1/2],
We will always have φ−m(2 − 1√1− 2m) > 0. When φ → ∞, α is
larger than α1,2 if α0 > 0 or smaller if α0 < 0. For all value of α0,
when φ dereases and tends towards 0, we have α > α1,2.
Hene, we dedue that if α0 < 0, rst we have a
,, > 0, then a,, < 0 and
at last a,, > 0. If α0 > 0, we always have a
,, > 0.
From the knowledge of a, (see 5.2) and a,, it is now easy to know qualitatively
the behaviours of the metri funtion a, depending on its dierent parameters
α0 and m. We dedue from our qualitative analysis that:
• When m ∈ [0, 1/2] and α0 > 0, the metri funtion is inreasing and
aelerated. When α0 < 0, the metri funtion has a minimum. The
branh before the minimum is aelerated whereas the branh after the
minimum has an inexion point and is aelerated in late time.
• When m > 1/2, the dynami of the metri funtion is always aeler-
ated.
• When m < 0 and α0 > 0, the metri funtion inreases. It is aeler-
ated if m ∈ [−3/2, 0]. If m < −3/2, it is rst deelerated and then
aelerated: the metri funtion has an inexion point. If α0 < 0,
the metri funtion has a maximum. If m ∈ [−3/2, 0], the dynami
is aelerated in both late and early times whereas if m < −3/2, it is
deelerated in early time and aelerated in late time.
Note that one an always obtain the value of the salar eld for whih the sign
of a,, hanges by writing α1,2−α = 0. We see that the theory 3+2ω = φ2cφ2m
is always aelerated in late time in aordane with the relation (29).
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7.2.2 The theory 2ω + 3 = m | lnφ/φ0 |−n.
Here, we onsider only the interval [φ0,∞[ for the salar eld, ωφ is always
negative and then ∆ is always positive. We have:
α1,2 − α = −α0 + (2A
√
m)−1(lnφ/φ0)
n/2(2±
√
1 + nφ0 ln(φ/φ0)−1) (33)
When α0 > 0, in early time, φ→∞ and α > α1,2. Then, at late time, when
φ → φ0, if n > 1, we have again α > α1,2 and then the metri funtion
inreases and is aelerated whereas if n ∈ [0, 1], we have α ∈ [α1, α2]. Then,
the metri funtion inreases but have an inexion point. It is deelerated
at late time.
When α0 < 0, the metri funtion has a maximum. If n > 1, the dynami
is both aelerated in early and late time whereas if n ∈ [0, 1], it is just
aelerated in early time.
7.2.3 The theory 2ω + 3 = m | 1− (φ/φ0)n |−1.
Here again we onsider the same interval for φ and ∆ will be always positive.
We have:
α1,2−α = −α0+(2A
√
m)−1
√
(φ/φ0)−n − 1(2±
√
1 + n(φ/φ0)n/ [(φ/φ0)n − 1])
(34)
We get two important values for n: n = 3 or n = 4A2α20m.
• When α0 > 0, the metri funtion is inreasing and its behaviour is
aelerated if n < (3, 4A2α20m) or deelerated if n > (3, 4A
2α20m). If
the value of n is between n = 3 and n = 4A2α20m, the metri funtion
has an inexion point and the dynami will be aelerated at late time
if 3 < 4A2α20m or deelerated if 3 > 4A
2α20m.
• When α0 < 0, the metri funtion has a maximum. Its behaviour is
deelerated if n > (3, 4A2α20m). If n < (3, 4A
2α20m) , the dynami is
aelerated at both late and early times. If the value of n is between
n = 3 and n = 4A2α20m, the dynami is deelerated at early time when
3 < 4A2α20m and beomes aelerated whereas when 3 > 4A
2α20m, it
is rst aelerated and then deelerated at late time.
In all the appliations one an prove that the behaviours of a,, at early and
late times are ontinuous. The sign of a,, does not hange between the late
and early times beause (α1,2 − α), vanish for only one value of φ in the
intervals in whih the parameters of the three theories and the salar eld
are allowed to vary. If it was not the ase, the sign of this last expression
would vanish for, at least, two values of the salar eld.
In the next subsetion we will talk about the seond derivative of the
metri funtion in t time. For the sake of simpliity (the sign of the seond
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derivative an hange more than twie in t time) we will not study the
behaviour of these theories in the t time (qualitatively, only the sign of the
seond derivative hanges). Moreover, to do this we must arry out numerial
omputations as we will see, that seems diverge from our goal, i.e. make a
general study of the dynami whatever the oupling funtion.
7.3 Study of a¨.
Here, when a¨ and the rst derivative are positives one an speak about
ination. We have:
a¨
a
=
[
a,,
a
− a
,2
a2
− a
,
a
(
b,
b
+
c,
c
)
]
(abc)−2 (35)
The relations (8) and (23) imply:
a¨
a
(abc)2φ2 =
1
2
ωφ
(3 + 2ω)2
φ
A2
− α(β0 + γ0) (36)
This is an equation of rst degree for α. Its solution is:
α3 =
1
2
ωφ
(3 + 2ω)2
φ
A2
(β0 + γ0)
−1
(37)
We use equation (24) to write:
α− α3 = α0 − 1
2
1
A
√
3 + 2ω
− 1
2
ωφ
(3 + 2ω)2
φ
A2
(β0 + γ0)
−1
(38)
Then, one has to solve α − α3 = 0 for φ so that we an determine the sign
of this last expression for dierent intervals of the salar eld. This is not
an easy task and to study the theories of the last subsetion, we would need
numerial omputation. In a general manner, to simplify the resolution, one
an notie that equation (38) is a third degree equation for (3 + 2ω)−1/2.
Then, a¨ is positive when β0 + γ0 > 0 (< 0) if α−α3 > 0 (< 0) and negative
when β0 + γ0 > 0 (< 0) if α − α3 < 0 (>0). When a theory tends toward
General Relativity, i.e. φ→ φRG, the dynami of the metri funtion will be
deelerated if:
lim
φ→φRG
ωφ < 2A
2α0(β0 + γ0)(3 + 2ω)
2φ−1 (39)
Under this ondition one an not get ination at late time. Note that (39)
has the same form as (29) exept the introdution of the onstant β0 + γ0.
This omes from the fat that in the t time, all the metri funtions appear
in eah eld equations. If we use the three oupling funtions of subsetion
7.2 with equation (38), one obtain omplex expressions whih need numerial
investigations to nd their zeros.
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Sine the presene of matter tends to slow down the expansion, one an
hypothesize that (39) ould be a suient (but not neessary) ondition so
that model with matter has a deelerated behaviour in the same irum-
stanes, that is at late time when the theory tends towards a relativisti
behaviour.
8 Conlusions.
From the form of the oupling funtion ω(φ), we an dedue the qualitative
behaviour of the metri funtions. It depends on the sign of dφ/dτ , dω/dφ
and the integration onstants α0, β0, γ0. We have studied two things : sign
of the rst and seond derivatives of the metri funtions.
For the rst derivative, the main diulty is to nd the zeros of ωφ. When
ω(φ) is a monotonous funtion of the salar eld, we have eight basi possible
behaviours ({1}, {2}, {3}, {4}, {1'}, {2'}, {3'}, {4'}) for a metri funtion
beause dφ/dτ , dω/dφ and the orresponding integration onstants an be
positive or negative (2*2*2=8). When ω(φ) has one or several extrema, the
behaviour of the metri funtion is a suession of behaviours of types {i}
+ {i'}, {i} and {i'} being the number of two of the eight basi behaviours,
one with ωφ > 0 and the other with ωφ < 0. For the behaviours of type {1},
{1'}, {4} and {4'}, a omplementary ondition has to be fullled so that
the metri funtion a (b, c) has an extremum : the value 2α0 (2β0, 2γ0) has
to be in the interval in whih dφ/dτ varies otherwise the metri funtion is
monotone. Or equivalently, a time independent formulation of this ondition
will be that the value of the salar eld orresponding to 3+2ω = (2α0A)
−2
((2β0A)
−2
, (2γ0A)
−2
) have to belong to the interval in whih φ varies.
For the seond derivative of the metri funtions in the τ time, if the
ondition (26) is fullled, the dynami of the metri funtions is always
aelerated. If it is not the ase, we have to examine, for the metri funtion
a for instane, the sign of α1 − α and α2 − α. If these expressions have the
same sign, the seond derivative of a is positive otherwise it is negative.
In the t time, the dynami is aelerated if (36) is positive and deelerated
otherwise. If moreover, the rst derivative is positive, we have ination.
With this method we have been able to ompletely determine, whatever
τ , the qualitative form of the metri funtions for three dierent theories.
Eah of them an be ompatible with the value of the PPN parameters at
late time if we adjust their parameters. By using the results of subsetion 7.3
onerning the sign of the seond derivative in the osmi time and numerial
alulations, it is also possible to obtain the qualitative form of the metri
funtions in the t time.
Moreover, if with ω → +∞ and ωφω−3 → 0, we want the three metri
funtions to be inreasing and deelerated at late time in the osmi time,
we dedue of the study that we must have: (α0, β0, γ0) > 0 and A and
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ωφ must have the same sign, whih is positive sine ω → +∞ and ωφ <
2A2 inf [α0(β0 + γ0), β0(α0 + γ0), γ0(α0 + β0)℄(3 + 2ω)
2φ−1 when φ tends
towards φRG, φRG being the smallest value of the salar eld. In these
onditions the metri funtions have a power law form.
In setion 6, we have determined the onditions to have 1, 2 or 3 inreas-
ing metri funtions; in fat, this is a graphi translating of some information
ontained in the onstraint equation of the eld equations.
We have studied the simplest anisotropi osmologial model but we hope
to extend this method to more ompliated ones suh as Bianhi types II
and V and in more omplex situations, i.e. with osmologial onstant or
potential. The main advantage of suh study is to reveal ompletely the
dynami of the metri funtions whatever the form of the oupling funtion
and not only for a partiular one or for asymptoti behaviour.
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Sign of Variation of Variation of half-line diretion of type of
(ωφ, A, α0) φ α(τ) number the monotone behaviour
motion of the number
(α, Φ) point
(+,+,+) φ, > 0, φ,, < 0 minimum in τ1 {1} left to right {1}
when Φ = 2α0
(+,-,+) φ, < 0, φ,, < 0 inreasing {2} left to right {2}
(+,+,-) φ, > 0, φ,, < 0 dereasing {3} left to right {3}
(+,-,-) φ, < 0, φ,, < 0 minimum in τ1 {4} left to right {4}
when Φ = 2α0
(-,+,+) φ, > 0, φ,, > 0 maximum in τ1 {1} right to left {1'}
when Φ = 2α0
(-,-,+) φ, < 0, φ,, > 0 inreasing {2} right to left {2'}
(-,+,-) φ, > 0, φ,, > 0 dereasing {3} right to left {3'}
(-,-,-) φ, < 0, φ,, > 0 maximum in τ1 {4} right to left {4'}
when Φ = 2α0
Table 1: The eight types of behaviours of the salar eld and metri funtion
when the oupling onstant is a monotone funtion of the salar eld. Note
that the sign of the seond derivative of φ with respet to τ or t will not be
the same. But the signs of all the rst derivatives will stay the same.
Figure 1 : solution of the rst equation of (10) in the α,Φ plane depend-
ing on the sign of α0.
Figure 2 : the four dierent physially solutions of the rst equation of
(10).
Figure 3 : representation of all the solutions of the equations (10) in the
((α, β, γ),Φ) plane.
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